Nikolay Laptev
Professor Y akimov

Problem S« #6

[Sect 4.3]
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Claim: If P(z) is a polynomial and T" isany closed contour, [ f(2)dz=0
r

Explanaion: Suppo tha f(z) isapolynomial of degree @Q f(2)=(z" z)"
then f(2) isthederivative of thefundion F(z) = (z" z,)"™/(n +1) which isandytic
inthedomain D congsting of all thepoints in the plane except z = z,. So by
Corollary 2 we can deduce that ff(z)dz =0 wheeT isaloop

r

Theintuition behind thisisasfollows: Since I isaloopwe can break it upinto two
equd contours. In other words theintegral over these two equd contours will bethe
same. Thus theintegral over thewhole loopmus equd to 0!

Astheproblem states, first we compute theintegral of thefundion1/(z" z,) along
theportionof C from o to S.



¥ = Loy - z) - Logla - Z,) =

B
[1/(z-2)) = Logz- 7,)

)
Now as beta and alphaapproach = we have: (Noting tha now we have to adjud the
branch of Log since the prindple branch of Log has abranch cut at O.

Log(%) = Log(@) = 27 O<argz<2x

s T=2
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We are asked to use the Theorem 6 on thefundion d(fg)/dz, so we will dojud that:

zt
" d(fg)/dz= fgy
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However we also knowthat (fg)&Gf@+fgO So, in order to get theintegral of f@ we
need to subtract theintegral of fgOIn other words

(fg)Bfg&f@, thus

$d(fg)/dz" $f (29 @dz= f (2923 " $f (29 (202

[Sec. 4.4]
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This contouris continuousy deformableto I' in D. Thisis evident because I, does
notintersect theddeted points, andit is visudly possible to imagine I, expanding to

match theshgpeof T
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This contour aso iscontinuousgy deformableto I'. Thisis dueto thefact tha the
circle has ahugeradius thusitsrangeis past the deleted points. In other wordswe
will notintersect them when deformingto " .
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Here, thedomain of andytic everywhere except at z = +5. Theintegra
gﬁl |=2f(z)a’z =0 iscorrect because z = =5 lie exterior to the contour, thustheintegral

is 0 by Cauchy@integral theorem.

(10d)
In this case thedomein is andytic when z > -3. The integral QZH f(2)dz =0 is

correct because z=3 lies exterior to the contour, thustheintegral is 0 by Cauchy®
integral theorem.
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Thefundion ¢* is andytic. Thewhole plane C is ssimply connected. Thusby
Theorem 10 we can say tha ¢* hasan anti-derivative in thewhole plane

(14)

Theeasiest way to provethis, isif wedivide C into three pats. Each pat contains
only C,, C, or C,. Havingdivided C into such parts, (contours) we can apply
Theorem 13 and say that theintegral of C congsts of the sum of thethree contours
containing C,, C, or C,. Furthermore theintegral of part tha contains C, isequd to
theintegral of C, itself (By theorem 13). Likewise, the integral of the part containing

C, isequd totheintegrd of C,. Thus [ f(2)dz= [ f(2)dz+ [ f(2)dz + [ f(2)dz

(16)

Looking at thefundion:
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We can apply Theorem 13 and Theorem 9 and say tha integral of g(z) over thecircle
|Z=1is0 (because g(z) isandyticingdeand onthe circle |z=1. Same goes for
z

Zk

) thar integral ove thecircleisaso 0 because they are andytic
ontheingdeand onthecircle |Z=1. However, the ill isnotandytic at z=0 (ingde of
b4

thecircle) Thus every patia fractionvanishesinf(z) except — A . Thususng
z

Theorem 13 we can say tha theintegral f(z) over thecircle |Z=1 isequd to the
integra of ill since every other patial fractionwill equd to O (Theorem 9). In other
b4

words, integral f(z) over thecircle|z = 1is 2miA,
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By computing patial fractions we get:

1Zi_r>r11R(z)((z -DH=1=A
lim R(z)((z+ 1)) =1=C

1im§R(z)((z -)*)=1=8B
=1 g

Using Theorem 13 we can endose the branch cutindgdeacircle. We will have two
circles, (aroundtwo branch cuts), they will be going in opposte direction (Because
two haves of thecontour goin opposte direction). Since we traverse the contour
once, theintegra of ourfundion over these two circles will have equd but opposte
value Thus thetotal integral will equd O!



