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isin deviationsfrom mean form.

) What assunmption mug betruein order for " to bea consstent estimator for / ?

a

b.

An estimator is said to be consstent ILT P(l&,! &> %=0.
In other wordsthe probability tha " deviates fromthe popuktion parameter !

by more than some arbitrarily small value ! approaches 0 as the sample size
approachesinfinity.

When we showtha " iscongstent we will need to make an important
assumption, namely tha Cov(/,, X,) =0. Wewill showwhy thisassumptionis
important as we go throughthe prodf b ow.

(i)  Showthat " iscondstent

a.

In this case we provetha ﬁ iscongstent by applying the OL S (Ordinary Least
squaes approach).

b. We knowtha thefitted lineis given by theliner equation: Y = § X,
c. Thenthedeviation of the observationfromthelinewould be given by

e =Y, -y , Where e denotes the estimated error or residud. Note that e isonly

an estimation.
So thegod of OLSisto minimize thesum of squared errorsfromtheline Tha is

select  to minimize: S—l e’ -| (Y#Y) —| (Y#$X)

i=1 i=1 =1
Soto begln we takeflrst patia derivativesand equate them to zero:
%S $! (Y, # %X K . . .
= " =2! (Y, #%Xi)(#xi)=! (Y, # 90X, )(#X;) =
$% $%b i=1 i=1

I (Y, # 96X)(X))
i=1
We can expand out more to get:
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Now we use the probability limitsto show congstency of " .
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Since by assumption we hawe: Cov(!,, X,) =0 andweknowtha plim(/) ="

Using these assumptionsthe aboveprobability limit approaches ! |, in other words "
IS congstent.

(2)

(i) Whattwo conditionsmug betruefor Z, to beaningrument for X,

a. Dueto omitted variables or measurement error the cov(X, ") ! O will cause our
ordinary least squaes estimator to be biased.

b. We can use an ingrumental variable which would hdp usdeal with thebiasness.
Suppo® we have an indrumental variable Z. Z must satisfy thefollowing two
conditions

i. Ziscorrelated with X. Tha is cov(Z,X)! 0
ii. Zisunmrrelated with theerror term in theregression. Tha is,
cov(z,/)=0
(ii) Derive thelV estimator for ! andshowthatit is consistent
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a. Sowehave: Y, = "X, +!,. We can multiply by Z and sum over &l n observations

n n n
! ZY, #' Z X ' Z"
i=1 —_ =l + =1
n n n
b. Noticethaasn" ! thelast term would denote tha covariance beween Z and
! which is assumed to be 0. Therefore, as n becomes largethelast term goesto O,
which proves our estimator to be consistent. (i.e. for large n our estimator

approaches truevalue)

and dividing by n, givingus

A
c. Thus we can rewrite our insrumental variableto be: #, ==
! Zi Xi
i=1
d. (Another way to provetha it is congstent isto adgpt similar strategy of plim asin
the previousquestion)

We have thefollowing two modds:

Modd I:

Yy S # HHY, + 7 K K U
Y2 = ”1 + ”2Y3 + ”3X2 +u2

Yy =1 415, +u

Modsd I1:
i =ap oY, ta, X,

Y, = Bo + B Xy + B, X, + B X, U,

For each system we mug determinewhich equaionsare unde identified, jud identified, and
ove identified.

Let® start with some definitions

Jud Identified modd: A modd with zero degrees of freedom (i.e. An identified Modd in
which the number of free parameters exactly equds the number of known values)

Unde identified Modd: A modd for which it is not possible to estimate all of the paameters
(i.e. Only some paameters are identified)

Over identified Modd: A modd for which all the parameters are identified and for which
there are more known than free paameters.

Thebook States order conditionswhich can be used to deerminewhich equédionis
identified, over identified, or unde identified.

Theoutline of theorder condtionis asfollows:

X= Numbe of exogenousvariables excluded for equaion

N=Numbe of endogenousvariables on therighthandside of equaton
Furthermore,

If X<N Theequaionisnotidentified

If X=N theequaionisexadly identified

If X>N theequaionisover identified
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(i)

(i1)

(iii)

(i)

Unde identified equaions
a Y =!I +1.Y,+! X +! ,X,+u (X=0, N=1)

Over-identified equdions

a Y,=! +1Y,+u, (X=2,N=1)
b. Y =!,+!Y,+!,X,+uy, (X=2,N=1)
Jug |dent|f|ed equdions

a Y2:ﬁ|+[))2Y3+[))3X2+U2 (X :1’N:1)

b. Y, =!o+ 1 X +1,X,+1.X;+u, )X=0,Y=0)

Derive the Maximum Likelihoodestimator for
a. Weknowtha theMaximum Likelihoodestimator is designed to maximize the
probability of observing the sample we actudly see. Our assumptionisthat
#
" ~N(0,! %). Also notetha thisimpliestha Y, ~ N(" X,,! ?), therefore the
probability of observing an individud observation, y', is given by the particular
1 & 1(Y ' )X)*#
& 100" )X)*
vor(?2 ¢ 2 ( !
b. Theprobability of observing all of then observationsin oursampleiswha is
established by our likelihoodfundion: L(",! %) = f(Y,,Y,, Yar...nY,) - With the
assumptionstha our observationsare indgpendent we can rewrite theaboveas

follows: L(",! )= f(y,) f(y)) f(ys)... F(¥n)-
c. Combiningit all togeher we get thefollowing likdihoodfundion:

L(", 0 %) = f(y) F(Y,) F(Ya).f(Y,)=
J L BLOC/X)HE L & L0, /X))
J2102 § 2 02 2102 §2 0%

& 10, /X)2# s & 1

fundiond form of thenormal distribution: f(y;) =

+
\/2102 w2 0 \/210 § $ 2071,

Taking thelogsof both sidesylelds

o

INL(",7 %) = In(F () F(y,) T ()T (o)) =

I (Y7 )X,)?

_nlné\/?§ 7

Now in order to actudly get themaximum likelihood estimator we need to take
derivative of theloglikelihoodwith respect to / .
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"InL(+, %) _

ll+ ll+

=2¢ (Y1 #X)(1 D=0

i=1

=>* (Y1 +X;)=0 (Dividing both sides by n)

i=1

(i) Isit thesame asthe OLS estimator?

Notice tha this approach mug give usthe same result as the OL S approach because

when we are taking these derivatives we are simply minimizing: | (Y, " #X,)?

i=1

Thus both the method of maximum likelihoad (assuming the errors are nomal) and
the method of moments yield the same estimators as ordinary least squares.

(5)

Suppoetha thetruemodd isY, = " + ", X, + ", X,, +!, buterroneoudy we estimate

Y =" + "X, +!, (i.e. weomit X, ), nowcanweuse " with any confidence? In order to

examinethis question we need to seeif thereis any correlation between X, and thevariable
we |eft out X, . By looking at chapter 9 from thebookwe can write the dopecoéficientin a

I Y (X #Xa)
simple regression modd as: $, == -
| (X #X1)?

i=1

We can subditute the correct modd, namely Y, = " + " X + ", X, +!
expected value which yields

and take the



" .) ' (*o + *1Xli + *2X2i ++)(Xli #Yl)g ' (Xli #Yl) ' Xli(X]j #Yl)
E(*l) =E = = — %: *o :1:1 — +% IZln —
' I (Xli # X1)2 $ l (Xli # Xl)z l (Xli # X1)2
( i=1 % 11442 443 14 42 448
=0 =1
! X, (X1i #Yl) E) I + (Xli #Yl)é I Xy (X]j #Yl)
+ *2 i=1 + i=1 0/0: *1 + *2 i=1
! (Xy #Yl)z l (Xy #Yl)z l (Xy #Yl)z
1342 4448 442 4 43 i=
Sope_ coefficient _of _a_ =0

regression_of _ X, _on_X;
Thebookprovides asimple interpretation of theaboveresult.

Note that in asimple modd where the dependent variable was X, and independent variable
was X,, we could write aregresson equaion of theform X, =b,,X,, +v,, where, for
simplicity, we have assumed tha theintercept equals zero and where the notation for the
sdopecodfficient, b,,, indicatestheimpact of X, on X, .

Using this specification, applying the same formula for aregression codficient tha we used

jud abovewe can seetha E(!/ ,)="!,+!,b,thus

() ", will beabiased estimator of / ,if §,b, =0
(i)  Therewill benobiasif b, =0(i.e. if theomitted variable is unrelated to theinduded
variable, an OLSregression of the miss specified modd will still yield unbiased

estimatesof ! ,
(i) if b, isnonzro then thedirection and magnitudeof the biaswill degpendon !/, and

b,

(iv) If b, and !, are of thesame sign, then ther prod6yc will be postive andon average

» will belarger than g,
(v) If b, and !, are of theopposte signthen their produd will be negative andon

average B, will besmaller than !/ ;.

Thus our estimator will only becongstent if (i) holds
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Revised Question:
Theundelying relationship between Y and X is asfollows:

Y= X+
where thedengty fundionof ! isf(!;) = exp(-!i) for!; nonnegdive and zero otherwise. The
values of X are observed, by Y isan unob&rved latent variable. Theonly thing knowisthe
value of anindicator variable Z tha is 1 when Y is greater than 1.5 and O when it islessthan 1.5.
Find the maximum likelihoodestimate for ! andtest thehypohesistha ! = 0.1 udnga
likelihoodratio test. The value of the parameter ! cannot exceed 0.5.

Solution
Based on theinformation given abovewe can condudethefollowing:

When Z, =0
BX +" #1.5

$ " #1.5%BX,

When Z, =1
BX, +" >1.5

# " >1.5%$BX

Using theliklihoodfundionwe have:

n Zl
L=]]Pz =01X)) Pz =11X)""
=1
1

P(Zl :O|Xi):P(gi <1.5 _ﬁiXi :l-l_e(l_s—_ﬁixl)
1 6(145—[3,')(,)

P(Z,=11X)=1-P(Z, :OIXi):l_l_'_e(l.s-ﬁ,x,.) _1+e(|.5-ﬂ,x,)

Plugging this into theliklihoodfundion we get:

12 naxy 17
L_*n $ 1 32 e(1.5 #Xi)
= %+ e(1,5" #X, )2 %_{_ e(1.5" #X )2
i=1

Takingthelogwe gd:

In(L(B)) = i(—ZIn(1+ €57 ) _ (1 Z)(In(L+1+ €5 ) — (1.5 — BX.))



Running this equaion onthe daaset provided we get:

X
1.877394
2.736984
0.283546
2.943069
2.037355
1.239817
0.888521

1.11922
0.630565
2.809156
0.037483
2.429275
1.725589
2.154813
2.941003

2.72467
2.077812

0.57213
0.563253
1.103447
0.526476
0.814503
0.102441
0.887586
1.629014

P RPOOOFRPRORFRPRPFPPFPOOOOORFRPROOPFRP OO OODO

likelihood

B=0.1
0.730789198
0.706624406
0.77045252
0.299484342
0.726448273
0.747417742
0.243863191
0.750445515
0.762346964
0.295500609
0.776031911
0.715514366
0.734845088
0.723216233
0.700577503
0.293014552
0.274660676
0.236268354
0.763941289
0.249161183
0.76480784
0.757935165
0.774572319
0.243840402
0.262606495

5.73789E-08

B=0.2

0.675192022
0.614264432
0.763850636
0.401966596
0.664632753
0.714078109
0.266522713
0.720891873
0.746878837
0.391343824
0.775190836
0.637287601
0.684905317
0.656661145
0.598199403
0.384786744
0.338091843
0.250180141
0.750263635
0.278229062
0.752093791
0.737393707
0.772251141
0.266472903
0.309067008

1.08104E-07

B=0.3
0.608112968
0.492827857
0.757058879
0.539517837
0.588848546
0.676337807
0.291287736
0.687838323
0.730403937
0.518273005
0.774346602
0.53755034
0.625559795
0.574102302
0.460816333
0.505301997
0.416172041
0.264911072
0.735793475
0.310688085
0.738692444
0.715109115
0.769906063
0.291206082
0.363747346

1.39743E-07

B=0.4
0.527180806
0.33316084
0.750071788
0.724138521
0.495939094
0.633615969
0.3183539
0.650870386
0.712856734
0.686370631
0.773499198
0.41038771
0.555037027
0.47169146
0.276459445
0.663562641
0.512284373
0.28050938
0.720484888
0.346933874
0.724566646
0.690933467
0.767536837
0.318234917
0.428101766

8.71253E-08

Thusour estimatefor " is0.3 because it has the highest liklihoodratio.

B=0.5
0.429534607
0.12322774
0.742883745
0.97193561
0.382034543
0.585255055
0.347935025
0.609524499
0.694167436
0.908989352
0.772648611
0.24825839
0.471231868
0.344655032
0.029067521
0.871390537
0.630593248
0.297026137
0.704289294
0.387408203
0.709677233
0.664706291
0.765143217
0.347772484
0.503841811

2.91634E-09

Now we runtheliklihoodratio test to determineif thehypohesistha ” is0.1isvalid.

In order to do this, we first compute the Chi-Squred with 1 degree of freedom

Our unrestricted liklihoodis: Lz =1.39743E-07 and restricted: L, =5.73789E-08.

"2 =#2(L, # L, ) =#2( (In(5.73789E-08)-IN(1.39743E-07))=1.78
Andour critical valuewith 5% significance level is 3.84. Therefore we will reject the null

hypohess!

(7)

Note: To caculate theF statistic for therestricted modds we use:

F - (Rjnreiricted I ereiricted)/m
(ll Rjnrestricted)/(n! kl 1)



(@) H,: Y isdistributed indgoendently of the X3

To test this hypothesis we run the unrestricted least squaes regresson modd in EViews. By
compaing F statistic to the critical value we can rgect or accept the hypahesis.

Important variables to keep in mind: (To compute thecritical value of the F-Stat)

m=6 (Numerator degrees of freedom)
n! k! 1=18 (Denomnaor degrees of freedom)

Based onrthis, thecritical valueof F stat is2.66. If F > 2.66 we will rgject thenull
hypothesis. Now let usruntheregression:

Dependent Variable: Y
Method: Least Squares
Date: 03/20/07 Time: 17:49
Sample: 1 25

Included observations: 25

Variable Coefficient Std. Error t-Statistic Prob.
X1 2.301590 1.512241 1.521973 0.1454
X2 -1.030948 1.636179 -0.630095 0.5366
X3 -5.504074 0.726530 -7.575839 0.0000
X4 24.87606 0.156728 158.7211 0.0000
X5 -8.763135 0.554717 -15.79749 0.0000
X6 4501716 5.043499 0.892578 0.3839
C 3.847244 6.528777 0.589275 0.5630
R-squared 0.999416 Mean dependent var -17.07096
Adjusted R-squared 0.999221 S.D. dependent var 132.3258
S.E. of regression 3.692117  Akaike info criterion 5.681773
Sum squared resid 245.3711  Schwarz criterion 6.023058
Log likelihood -64.02216  F-statistic 5135.049
Durbin-Watson stat 2.453113  Prob(F-statistic) 0.000000

Clearly based ontheF statistic we reject the null!

(b)

m=1 (Numerator degrees of freedom)
n! k! 1=18 (Denomnaor degrees of freedom)

Thusour critical F statistic if 4.41



Running therestricted modd:

y=!o+! (X +X)+ X%+ ,X, + T X+ ! (X

Dependent Variable: Y
Method: Least Squares
Date: 03/20/07 Time: 17:56
Sample: 1 25

Included observations: 25

Variable Coefficient Std. Error t-Statistic Prob.
XB 0.775803 1.188978 0.652496 0.5219
X3 -5.472806 0.752522 -7.272617 0.0000
X4 24.85779 0.161937 153.5025 0.0000
X5 -8.868024 0.570486 -15.54468 0.0000
X6 6.445122 5.061686 1.273315 0.2183
C 1.359196 6.557047 0.207288 0.8380
R-squared 0.999338 Mean dependent var -17.07096
Adjusted R-squared 0.999164 S.D. dependent var 132.3258
S.E. of regression 3.825683  Akaike info criterion 5.726914
Sum squared resid 278.0812  Schwarz criterion 6.019444
Log likelihood -65.58643  F-statistic 5738.852
Durbin-Watson stat 2.609907  Prob(F-statistic) 0.000000

(anreiricted B ereiricted)/m
(1_ Ruznrestricted ) /(n -k - 1)
null since thecritical value of F stat is greater than computed F stat.

we get 2.407.Thuswe accept the

Calculating the F stat using F =

(©)

Hyi!,="1,=1,

Agan we use EViewsto run arestricted modd regression:

"

y: "O + "1X1 + "2X2 + ”3X3 + 4(X4 | X5 +X6)

m = 2 (Numerator degrees of freedom)
n -k -1=18 (Denominator degrees of freedom)

Thusour critical F statistic if 3.55



Dependent Variable: Y
Method: Least Squares
Date: 03/20/07 Time: 18:08
Sample: 1 25

Included observations: 25

Variable Coefficient Std. Error t-Statistic Prob.

X1 -1.925138 10.55406 -0.182407 0.8571

X2 8.015632 10.65096 0.752573 0.4605

X3 -9.360259 4.947559 -1.891894 0.0731

X456 24.64863 1.035695 23.79911 0.0000

C -31.85656 8.791593 -3.623525 0.0017
R-squared 0.968108 Mean dependent var -17.07096
Adjusted R-squared 0.961730 S.D. dependent var 132.3258
S.E. of regression 25.88656  Akaike info criterion 9.522182
Sum squared resid 13402.28 Schwarz criterion 9.765957
Log likelihood -114.0273  F-statistic 151.7803
Durbin-Watson stat 1.893920 Prob(F-statistic) 0.000000

. . (anreiricted ! ereiricted)/m :
Calculating the F stat using F = > we ge 482584. Thuswe regject the
(1| Runrestricted)/(n! kl 1)
null since thecritical value of F stat is less than computed F stat.

Thustherestricted modd becomes:
v=ro+ !l x + ! x4 oxg + 1 xg
m =2 (Numerator degrees of freedom)
n! k! 1=18 (Denomnaor degrees of freedom)

Thusour critical F statistic if 3.55



Dependent Variable: Y
Method: Least Squares
Date: 03/20/07 Time: 18:18
Sample: 1 25

Included observations: 25

Variable Coefficient Std. Error t-Statistic Prob.
X1 3.998139 2.909431 1.374199 0.1846
X4 24.56293 0.286974 85.59289 0.0000
X5 -7.591062 1.036192 -7.325919 0.0000
X6 8.479456 9.202850 0.921395 0.3678
C 0.868775 11.42528 0.076040 0.9401
R-squared 0.997537 Mean dependent var -17.07096
Adjusted R-squared 0.997045 S.D. dependent var 132.3258
S.E. of regression 7.193268  Akaike info criterion 6.961025
Sum squared resid 1034.862  Schwarz criterion 7.204800
Log likelihood -82.01281  F-statistic 2025.430
Durbin-Watson stat 2.085082  Prob(F-statistic) 0.000000

. . (anreiricted ! ereiricted)/m :
Calculating the F stat using F = > we ge 28.9578.Thuswe regject the
(1| Runrestricted)/(n! kl 1)
null since thecritical value of F stat is less than computed F stat.

(€)

Nowweestimate y* =1+ /! X +1,X, +/! X+ ,X, +!1 X +! X,
Where we denote y* = (y ! 25x,)

m=1 (Numerator degrees of freedom)
n! k! 1=18 (Denomnaor degrees of freedom)
Critical valueof F=4.41

Running theregression we ge:



Dependent Variable: YMIN25
Method: Least Squares
Date: 03/20/07 Time: 18:27
Sample: 1 25

Included observations: 25

Variable Coefficient Std. Error t-Statistic Prob.
X1 2.119529 1.479807 1.432302 0.1683
X2 -1.341041 1.572760 -0.852668 0.4045
X3 -5.666159 0.690114 -8.210464 0.0000
X5 -8.895253 0.523720 -16.98474 0.0000
X6 3.279621 4.753344 0.689961 0.4986
C 5.586289 6.086377 0.917835 0.3702
R-squared 0.946916 Mean dependent var 16.92904
Adjusted R-squared 0.932946 S.D. dependent var 14.11691
S.E. of regression 3.655538  Akaike info criterion 5.635927
Sum squared resid 253.8962  Schwarz criterion 5.928457
Log likelihood -64.44908 F-statistic 67.78433
Durbin-Watson stat 2.591900 Prob(F-statistic) 0.000000

(Rjnreiricted I ereiricted)/m
(1 I Rjnrestricted)/(n I k I 1)
null since thecritical value of F stat is less than computed F stat.

we get 16185. Thuswe rgject the

Calculating the F stat using F =






