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Exercise #1

(@

Proof:
Assumetha L, iscontext free. Let n bethe Gnagic numberOof the Pumping Lemma

Consder L, =0"1*"0" in L,. Then 3 subdivisionz = uvwxy, 0 < [vwx| * n,
vx " # w,uv'wx'y $ L foral i=0.

Wordsin L, contain EXACTLY 3 blocks of numbers (1 block of Os, 1 block of 1sand 1
block of Osagan). (Also themidde block istwice aslongasits two neghborng blocks)

Thelength condition |[vwx[' n impliesfor v,x. v startsin one block and x mug liein the
same or thefollowing block. v or x is nonempty.

So if we inarement i, then our z would look like uwwxxy which increases the size of at
least oneblodk, butleaves size of at least oneblock unchanged, hence uvvwxxy isnat in
L.

All cases lead to a contradictionso L, is not context-free.

(b)

Intuition:

Similarly to the part (@) we cannotkeep track of more than two variables, hence isthe
problem. (At first | tried proving the problem with L, =0"1"1"0" however tha does not
seem to work. Because we can still punp (0,1) and theresulting string will still bein the
languaye L,.

Proof:
Assumetha L, iscontext free. Let n bethe Gnagic numberOof the Pumping Lemma

Consder L, =0"1"0"1"0"1" in L,. Then 3 subdivisonz = uvwxy, 0 < [vwwx| " n,
VX = €= w,uv'wx'y € L foral i=0.

Wordsin L, contain EXACTLY 6 congecutive blocks of numbers (1 block of 0s 1 block
of 151 block of Os 1 block of 1s 1 blodk of Osand lastly 1sagan).

Thelength condition |[vwx[" n impliesfor v,x. v startsin one block and x mug liein the
same or thefollowing block. v or x is nonanpty. So if weincrease any oneblock or any
two blocks we leave at |least 2 other blocks undhanged, which produes a stringwhichis
notin L,. Noticeif wewould have picked L, =0"1"1"0" then it would be possible to



increase Osand also inarease 1sin x or wx, thusthe resulting string would bein the
languaye

So if we inarement i, then our z would look like uwwxxy which increases the size of at
least oneblodk, butleaves size of at least oneblock unchanged, hence uvvwxxy isnat in
L,.

All cases lead to a contradiction so L, is notcontext-free.

Exercise #2

(a) Never

Weknowtha isL isaCFL, then sois L*, however we knowtha L is nota context free
languaye

Suppo L is context free then (LR)R = L mugt also be context free, however we know

tha L isnot context free, therefore we have acontradiction.

(b) Always
C" Rimpliestha theresulting languayeis no bigge than C, and C is context free,
therefore C-R mug also be context free.

(c) Sometimes
Note: Finite state languayes are also context free.

1) LNe=L hereL isnotcontext free

2) LN E = E which is finite state and therefore context free.



Exercise3

(@

S —0X001000
X —=0X00B 1
B0 —0B
B1—1000

How it works: We start off in Sfrom the case when i=1, then as we keep on adding Osin
thefirst block we also add two zeroesin thesecondas well as nontermina B which will
keep track of how many Oswe need in the 3" block. We then moveall B& to theright,
and convat them to 3 Oswhen they touch the 2™ 1.

(b)

S— AX|BY
A— OAC|0|1|AD
B — 0BC|1|1BD
DX — 1X
CX — 0X
DY — 1Y

CY —0Y

X -0

Y —>1

DO — 0D

D1— 1D
CO0—0C
Cl—1C

Idea: We knowwe can easily generate ww" very easily. So in thegrammar abovewe
generate precisely that but we generate w® part as nonterminas when then rearrangeto
make ww.

Exercise 4

(8) Description: We read thefirst character and then travel to the very end of thetape
and seeif thelast character matches thefirst character. We check by replacing
them with anew character OXQ Then we do the same for 2" and 2™ to last
characters. We terminate in an accepting state when to theleft and to therightwe
have OXsQ



State 0 1 X B
% (@, X,R) (9, X,R) - -
q1 (Ch'o’R) (CI1!1!R) (CI3’X»|—) (q5,B,L)
9> (92,0.R) (0,,,R) (94, X,L) (9,,BL)
9 (g5 X, L) (96:1L) - -
A (0,0,L) (95, X,L) - -
05 (Ge-0,L) (geLL) (g7, X,L) (G, X.R)
Os (¢6:0.L) (96:1,L) (90:X,R) (90, X,R)
(ACCEPT)gq, | - - - -
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(b)




1) We start fromtheleft and moveto theright. We see a0, we switch a state and
continuemoving right until we reach XOor BO

2) Once we see OXOor BOwe moveleft until we see a0, in which case we mark it
XQ and continuemoving left untl we reach our previoudy marked OXO

3) (Also aongtheway we mug make sure that we see block of Osfollowed by block
of 1sonly 2 times)

4) We keep on marking Oswith Xs untl we have nomore zeroes to mark in which
case we are donewith Osand nowwe need to do asimilar procedureto 1s

5) Wemark theleft-mog 1 with Y and moverighturtil we reach B. We mark the
rightmog 1 with Y aswell, then we moveleft (skipping all Xswhich we marked
before.

6) We accept when there are no more Osor 1sleft and all of them have been marked
with X oraY and we made suretha all blocks appear in the correct order.

Exercise5

(8) Decidable — If we let R=(1*(0+1)*0) and we condruct a machine M=L(M)-R (by
usng cross produd and reversing the accept states of L(M)) we can test for emptiness of
M andif it isempty then L(M) iscontained in R and vice versa

(b) Undecidable — We know that containment is undeciadable for CFGs.

(¢) Undecidable —Wéll if L(T) is decidable then halting problem would also be
decidable. In other wordsif L(T) ="  isdecideble then we can certainly reduce the

hdting problem to precisely this (i.e. If we know tha turing machine which accepts
infinite aphébet is decidable then we know when it will hdt/accept evenif it takes
infinite amountof time, therefore hdting problem can bedecided in this way), however
we know that hdting problem is undecidable, therefore a contradiction.



